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The filamentation instability triggered when two counter streaming plasma shells overlap appears
to be the main mechanism by which collisionless shocks are generated. It has been known for
long that a flow aligned magnetic field can completely suppress this instability. In a recent paper
[PHYSICS OF PLASMAS 18, 080706 (2011)], it was demonstrated in two dimensions that for the
case of two cold, symmetric, relativistically colliding shells, such cancellation cannot occur if the
field is not perfectly aligned. Here, this result is extended to the case of two asymmetric shells. The
filamentation instability appears therefore as an increasingly robust mechanism to generate shocks.
Collisionless shocks in plasmas have the capacity to ac-
celerate particles up to high energies. This was first pre-
dicted [1–3] before it was simulated [4, 5] and observed in
space [6]. As such, these structures are extremely promis-
ing candidates for the generation of high energy cosmic
rays (HECR). Because the shock front, where particles
are accelerated, is a region of strong magnetic turbu-
lence, the resulting emission could, according to the so-
called “Fireball Scenario” [7], equally explains the origin
of gamma ray bursts (GRB).
While the birth of a fluid shock is well understood
and can be described, for example, by the steepening
of a large amplitude sound wave [8], there is currently no
established theory for the birth of a collisionless shock.
Yet, both simulations [4, 5, 9, 10] and experiments have
showed they can be generated by the encounter of two
collisionless plasma shells [11–13]. In the absence of par-
ticle collisions, the shells simply start passing through
each other. Soon, the overlapping region turns unsta-
ble to counter streaming plasmas instabilities, triggering
the shock formation through a mechanism yet to be fully
explained [14].
A detailed analysis of the unstable modes involved
shows that in the relativistic regime, where GRB’s and
the most energetic HECR’s could be produced, the dom-
inant instability is the so-called “filamentation” instabil-
ity [15, 16]. This instability amplifies perturbations with
a wave vector normal to the flow. From the physical
point of view, it is easily understood that whenever un-
balanced counter streaming currents appear in the over-
lapping region as a result of a perturbation, both Lorentz’
and Newton’ laws will spontaneously amplify the unbal-
ance.
The filamentation instability is therefore a key ingre-
dient for the physics of collisionless shocks. Given the
ubiquity of magnetic fields in astrophysical environments,
their influence on the instability is worth investigating.
For a cold system, it has been known for nearly 40 years
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that a flow aligned magnetic field can completely quench
it [17]. This result has been extended to hot systems since
then [18]. Recently, it was proved rigourously that still in
the cold regime, a magnetic field can completely suppress
the instability if and only if it is perfectly aligned with
the flow [19]. In contrast, the instability growth rate re-
mains finite, even in the large field limit. This late result
is significant as it guarantees the occurrence of the in-
stability, hence the shock formation, in realistic settings
where the field could hardly be perfectly aligned [20, 21].
Yet, this result has been achieved only for the simple
case of identical colliding plasma shells. The goal of this
paper is to check this result in the more realistic case
of asymmetric shells encounter. Due to the complexity
of the calculations, the cold regime is still assumed for
both shells. The main conclusion is that filamentation
instability always persists for non-aligned magnetic field,
even in the case of asymmetric counter streaming flows.
We therefore consider two 2D counter streaming elec-
tron/proton plasmas and ignore the protons’ motion due
to their highest inertia. The denser shell of initial den-
sity n0p comes from the right with initial velocity v0p
aligned with the x axis. The dilute shell comes from
the left with initial density n0b ≪ n0p and velocity v0b
aligned with the same x axis. A static magnetic field B0
makes the angle θ with the axis x. Because each shell is
both charge and current neutral, our system is initially
charge and current neutral regardless of the reference
frame. For convenience then, we choose to describe the
process in a reference frame where v0p = (n0b/n0p)v0b.
This allows to bridge continuously from the symmetric
case v0b = −v0p to the diluted beam/plasma interaction
regime with n0b ≪ n0p and v0p ∼ 0 that we investigate.
For both shells we write the fluid conservation and mo-
mentum equations. For the rightward diluted shell, we
have
∂nb
∂t
+∇ · (nbvb) = 0, (1)
∂pb
∂t
+ (pb · ∇)pb = q
[
E+
vb × (B+B0)
c
]
,
2with pb = γbmvb. For the leftward denser shell, we have
∂np
∂t
+∇ · (npvp) = 0, (2)
∂vp
∂t
+ (vp · ∇)vp =
q
m
[
E+
vp × (B+B0)
c
]
.
By virtue of n0b ≪ n0p and v0p = (n0b/n0p)v0b, this
latter equation is non relativistic. In contrast, Eq. (1) is
relativistic, i.e written in terms of the momentum pb =
γbmvb, in order to account for rightward diluted shells
with v0b close to c.
Note that while our system is initially charge and cur-
rent neutral, it is not strictly in equilibrium because of
the y component of the magnetic field. On the one hand,
the misaligned field affects the shells dynamic on a time
scale given at least by,
mc
qB0 sin θ
≡
1
ωB sin θ
. (3)
On the other hand, the instability grows on a time scale
(δωpp)
−1 where ωpp is the electronic plasma frequency on
the denser shell, and δ the growth rate in units of plasma
frequency. Thus, the instability governs the early system
dynamic provided,
1
ωB sin θ
≫
1
δωpp
⇒ δ ≫
ωB
ωpp
sin θ. (4)
Eqs. (1,2) are now linearized assuming small perturba-
tions of all quantities proportional to exp(iky−iωt). The
dielectric tensor has been computed analytically using a
Mathematica Notebook described elsewhere [22], and in
terms of the reduced variables,
x =
ω
ωpp
, Z =
kv0b
ωpp
, β =
v0b
c
, ΩB =
ωB
ωpp
, α =
n0b
n0p
.
(5)
The dispersion equation P (x) = 0 is a 24th degree
polynomial in x reported in the associated Mathematica
Notebook. The Notebook uses Eqs. (1,2), together with
Maxwell’s equations and the conservation equations, all
linearized and written in Fourier space, to derive the 3×3
dielectric tensor of the system. The dispersion equation
is then analytically obtained from the determinant of the
tensor.
We start analysing the numerical resolution of the
equation for various parameters. In this respect, figure
1 features the dimensionless growth rate δ against the
reduced wave vector Z and the magnetic field parame-
ter ΩB, for θ = 0 and pi/6. For θ = 0, we recover the
known cancelation of the instability beyond a magnetic
threshold given by ΩB ∼
√
α/γ0b [17]. For θ = pi/6, the
pattern already highlighted in the symmetric case seems
to remain valid: the instability displays a finite growth
rate even at large ΩB’s.
In order to confirm this result, we start by exploit-
ing the fact that the growth rate saturates for large Z’s.
The dispersion equation in the limit of large Z, denoted
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FIG. 1: (Color online) Growth rate δ in ωpp units against the
reduced wave vector Z and the magnetic field parameter ΩB
for θ = 0 and pi/6. Parameters are α = 0.1 and γ0b = 10.
PZ∞(x) = 0, is simply obtained equaling to 0 the coef-
ficient of the highest degree in Z of the full dispersion
equation P (x) = 0. Figure 2 explains the numerical res-
olution of PZ∞(x) = 0 for various values of θ, confirming
the result of fig. 1.
Although the present theory is not valid in the large
magnetic field limit by virtue of condition (4), the satura-
tion value of δZ∞ for large magnetic field is worth inves-
tigating, as it can yield a lower bound to the growth rate.
The technique already applied to extract the asymptotic
dispersion equation at Z = ∞ can be used here again.
We simply extract the coefficient of the highest power
(here, 4) of ΩB in the polynomial PZ∞(x). The resulting
high-Z, high ΩB, dispersion equation reads,
PZ∞,ΩB∞(x) = cos θ
4x4γ30b − sin θ
4(αβ2 + x2γ0b − x
4γ0b)
+ cos θ2 sin θ2x2γ0b
(
x2 + (x2 − 1)γ20b
)
= 0. (6)
In the limit α≪ 1 where we work, the root of the equa-
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FIG. 2: (Color online) Growth rate δZ∞ in ωpp in the limit
Z = ∞ vs. the magnetic field parameter ΩB for (low to high)
θ = 0, pi/10 and pi/4. Same parameters as fig. 1.
tion yielding an exponentially growing mode reads,
δZ∞,ΩB∞ = β
√
α
γ0b
1√
1 + γ2
0b
cot θ2
, (7)
which is just the result for the symmetric case corrected
by
√
α/2, square root of half the dilution factor.
Equation (7) displays an extremum for θ = pi/2 cor-
responding to the growth rate without field. Such result
is consistent with previous ones [19, 20] and can be un-
derstood from the mechanism of the instability. In order
to filament the beam, the instability has the particles
move transversely to the flow. If B0 is also transverse to
the flow, the Lorentz force associated with the displace-
ment vanishes, and the instability is like field free. Note-
worthily, this stands only in a two-dimensional geometry.
In three dimensions, particles can move transversely and
not along B0. Further studies will be required to check
how filamentation behaves for wave vectors still normal
to the flow, but outside the plan (v0b,B0). At any rate,
the present result guarantees the occurrence of the insta-
bility in 3D: calculation is 2D-like because it focuses on
wave vectors in the plan (v0b,B0). But the formalism is
3D. Therefore, even if all other modes were stable in 3D,
those investigated here would still be unstable.
We can therefore conclude that as long as the instabil-
ity governs the early dynamic of the system, it cannot be
completely canceled even for the case of two asymmetric
shells collision. This result increases the robustness of
the filamentation instability as a shock mediator.
Further works involve the investigation of kinetic ef-
fects. It turns out that such effects tend to reduce the
instability, because velocity spread reduces the number
of particles coupled to any given growing wave [23]. De-
tailed calculations will thus be necessary to check wether
the present result remains valid beyond the cold regime.
Thanks are due to Mark Dieckmann for enriching dis-
cussions.
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